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On Hsu-Structure Manifold, ¢ —Multirecurrent
and Symmetric

Lata Bisht*, Sandhana Shanker**

Abstract -- In this paper we have defined ¢(12), ¢(1 ) ¢(23), Ricci ¢(12)-Multirecurrent and multirecurrent symmetric Hsu- Structure manifold.

Furthermore theorems on above ¢ - Multirecurrent and Multirecurrent symmetric Hsu -Structure manifold involving equivalent conditions with respect to

various curvature tensors have also been discussed

Index Terms- Multirecurrent parameter, Curvature Tensors, Hsu-structure manifold.

1. INTRODUCTION

If on an even dimensional manifold Vn, n = 2m of
differentiability class C”, there exists a vector valued real
linear function ¢ , satisfying

¢2 :arln/

(1.1a)

(1.1b)
where X =¢X ,0<r<nand'a'isareal or imaginary
number.

Then { ¢ }is said to give to V,, a Hsu-structure defined by

X =a'" X, for arbitrary vector field X.

the equations (1.1) and the manifold V,, is called a Hsu-
structure manifold.

The equation (1.1) gives different structure for different
valuesof 'a 'and'r".

If r=0, it is an almost product structure.

If a=0, itis an almost tangent structure.

If r=+1 and a=+1, it is an almost product structure.
If r=+1 and a=-1, it is an almost complex structure.
If r=2 then it is a GF-structure which includes
m-structure for a=0 ,

an almost complex structure for a=+i ,

an almost product structure for a=+1,

an almost tangent structure for a=0 .

Let the Hsu-structure be endowed with a metric tensor g,
Such that

g(#X,#Y)+a"g(X,Y)=0.
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Then {¢,g } is said to give to V,, - metric Hsu-structure and
V, is called a metric Hsu-structure manifold.

The curvature tensor K , a vector -valued tri-linear function
w.r.t. the connexion D is given by

K(X,Y)Z =DyxDyZ -DyDyZ - Dix vyZ, (1.2a)
where

[X,Y]=DyY - Dy X. (1.2b)
The Ricci tensor S in V,, is given by

S(¥,2) = (C{'K)(Y,2). (1.3)
Where by (CllK)(Y ,Z) , we mean the contraction of
K(X,Y)Z with respect to first slot.

For Ricci tensor, we also have

S(Y,Z2)=S(Z,Y), (1.4)
A linear map y defined by,

S(Y.2)=9(»(¥).2) =9(¥.7(2)). (1.5)
The scalar k define by k =Cy'y (1.6)

is called the scalar curvature of V,, .

Let W, C, L and V be the Projective, conformal, conharmonic
and concircular curvature tensors respectively given by

W(X.Y)Z = K(X,Y)Z ——2[S(Y,Z)X —=S(X,Z)Y].

(n-12)
(1.7)
1
0z =K
[S(v,2)X =S(X,Z)¥ + (¥, Z)r(X) - g(X, Z)p(¥V)]
K
+m[@](Y,Z)X —g(X,Z)Y].
(18)
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LX.Y)Z = K(X.Y)Z _ﬁ + (V5 Vryy oo ooV, P) (97, 0)9X, (Vi 9)Y ) Z
[S(Y.Z)X =S(X,Z)Y =g(X,Z)7(Y) +g(Y, Z)7(X)} +(Vryy eV P) (U2, 0) 0K, Y ) Z

(1.9)
V(X.Y)Z =K(X,Y)Z - n(nk 1)[g(Y,Z)X _g(X,2)Y] +a’(Vp,_, o eoe eV, P)(X, (Vg Ve, @)Y)Z

(1.10) LU
A manifold is said to be recurrent, if +(Vg, e Vg, P) ((VTZVT1¢)¢X, ¢Y) VA
(V,RI(X,Y)Z = A (T))R(X,Y)Z. (1.11) +a" (Vg oo e Vi, P)(X, (Vi Vi, 9)Y)Z
The recurrent manifold is said to be symmetric, if +(Vg_, ooV, P) ((Van;)q;X, (VTn_lan_zd;)Y) Z
A1) =0, (112)
in the above equation. + (Vg oo V0, P) (Y, Vi, 8)X, (Vi )Y ) Z
A manifold is said to be birecurrent, if LN
(V1 V7, RIXY)Z = Ao Ty T)R(X,Y)Z. 1) @ e V0, P) (T, )X, (V2 T, 8)Y ) 2
It is said to be birecurrent symmetric, if 4 (Vrn o VT4P) ( (VTSVTZ ¢)¢X, (VT1¢)Y) 7

A(Ty,Tp) =0 (1.14)
+(Vryy ooV, P) (Y1, Vi, Vi, )X, Y ) Z

2.4 -MULTIRECURRENCE AND SYMMETRY OF  +a’(V;, . ...V, P)(X, (V1. Vs, Vs, $)Y)Z
DIFFERENT KINDS:

... A
Let P, a vector- valued tri-linear function, be any one of the
curvature tensor K,W,C,L or V then we will define
o +(Vy oo ..V P V. V.V X, oY ) Z
multirecurrence of different kind as follows:** ( Tn T ) (( BTN 4))4) ¢ )
Definition(2.1): A Hsu-structure manifold is said to be ¢ +a7 (Vg v Vi, PY(X, (Vr, Vi, Vi, $)Y) 2

(12)-multirecurrent in P, if
+(Vy,_, oV, P) ((anan_l¢)¢X, (Ve V. ¢)Y) A

a" (Ve Vr, | eee oo Vg, Vi P) (X, GY)Z

+(Vy,_, oV, P) ((an_szn_s d)BX, (anan_1¢)Y) A
(Ve Vi y oo oV, V2, P) (Vi 0) X, Y ) Z

o s
+a"(Vp, VY, cee oo Vi, Vi, P) (X, (Vi @) Y)Z

+(Vgy oo V1, P) (Y1, Vir, ) 0, (Y1, V5, )Y ) Z
et

+(Vr, o eV, P) (Vi Vi, ) DX, (Vi Vi, b)Y
+ (Ve Y1y oo eV, P) (V2,0) X, 6Y ) Z N ) (TnTe)6%, (7,7 9)Y)

Ve, Vi P) (V0 8)0X, (Vi Ve Vi $)Y)Z
+a (Vp Vp ooV, PY (X (V1 0)Y)Z VgV )(( 0w ®)9X (V1 V. Vs 9) )
HVt g e V0, F) ((Van))q)X' (VTn_lq))Y) ’ +(Vr,_, V1, P) ((VTn—lan—Zan—S P)pX, (VTn¢)Y)Z
(Ve Y, P) ((Vr,, D)X, (V, 0)Y) Z et
e L 2 — Vi PV o X (V1 Ve Ve o) 2
+(r,Tr,y v T, P) (T, 0) 0, (Vr, 0)Y) 2 ) (A YN (2} 7

IJSER © 2015
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 6, Issue 2, February-2015 442

ISSN 2229-5518

(Vg ViPVy Ve Vi Ve gl g )z

+a" (Vg oo Yy, P)(X, (Ve Ve, Ve Vi $)Y)Z
+(Vgy oo V1, P) (Vi Vi, Vi, Vi, )X, Y ) Z

+a" (Ve oo oo Vi P)(X, (Vg Vi, Vi, Vi, @)Y ) Z

F

+

+(V1,P) ((Ve,8)0X, (Y v v Vi, d)Y)2Z
+(V2,P) (Vi oo o Ve, $)$X, (V1,§)Y ) Z

+P (Vo Vo, 0)$X, §Y ) Z

+a"P(X, (Vg Vi, voreee e v, d)Y)Z

= a" Ay (Ty, Tyy e o oo TIP(X, $Y) Z.

(2.1a)

Or equivalently
a"(Vy, Vi o V3, Vi P)(9X,Y)Z
+a (Vy,_ Vp eV U P) ((an¢)X, Y) A
+(Va, Vg, oo Vg, Vi P) (90X, (Ve )Y )Z
+@ (Y, Vi, _y oo oo V1,92, P) (Vi )X, Y ) Z
+(Vg, Vi, y v o o Vi, Vi, P) (X, (Ve $)@Y)Z
F o,
+@ (Y, V5, Vi oo Vi, P) (V)XY ) 2
+(Vg, Vi, Vg, oo Vi, P) (90X, (Vi )Y )Z
+(Vryy o oo V2, P) (Y, )X, (Vi 0)00Y ) Z
+ (Vg oo V2, P) (Vi 0)X, (Y, 0) Y ) Z

e
+(V5,Vr,y oo ooV, P) (97, 0)X, (Y7, 0) Y ) Z
+(Vy Vi e e Vi P) ((VT1¢)X, (Vs ¢)¢Y)Z
+a"(Vy,_, oo Vg, P) ((anan_l¢)X, Y)z

+(Va,_y v eee oo Vi, P) (90X, (Y, Ve, 9)@Y)Z
o

+@ (Vg ooV, P) (V1,95 0) X, Y ) Z

+(Va, coe o eee . Vi, P) (90X, (V1 Ve, 0) Y ) Z

+(Vryy o oo V2, P) (Y, 0)X, (V1 Vi, )Y ) Z
+ (Vg oo V2, P) (Y, Vi, )X, (Vi )Y ) Z
o

+(Vry o vre oo V1, P) (Y, )X, (Vi Vi, 0) Y ) Z

+(Vgy e V1, P) (Y, Vi, )X, (Vir, 0) Y ) Z
+ (Vg - V1, P) (V5 Vi Vi, 9)X, Y ) Z

+(Ve,_, . Vo, P)(@X, (V1 Ve, Ve, d)9Y)Z

oo
+@ (Y, vV, P) (V2,95 Y7, 0) X, Y ) Z

+(Va, coe o eee . Vg, P) (90X, (V1 Ve, Vi, )@Y )Z

+(Vy,_, o Vr, P) ((anan_l¢)X, (Ve V. ¢)¢Y) A
+(Vy,_, o Vr, P) ((an_szn_s $)X, (anan_l¢)¢Y) A
e

+(Vgy oo V1, P) (Y1, V, )X, (Ve Vi, 9) Y ) Z
+(Vgy oo V1, P) (Y1, Vry )X, (Vir, Vi, 0) Y ) Z
+(Vy,_, - Vr,P) ((an¢)X, (Ve Ve Vr . ¢)¢Y) A
+(Vy,_, - Vr,P) ((an_lan_szn_s $)X, (an¢)¢Y) VA
N

IJSER © 2015

http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 6, Issue 2, February-2015 443

ISSN 2229-5518
+(Vg, e cee . Vg P) ((VT1¢)X, (VT4VT3VT2¢)¢Y)Z

+ (Vg oo V1 P) (Y2, Vi, Vi, §)X, (Vi 0) Y ) Z
+@" (Vg eV, P) (Y, V5, Vi, Vi )X,V ) Z

+(Vry -V, PY(OX, (Y5, Vi, I, Vi, ,$)0Y )2

PR
+@ (Vry ooV, P) (V2,92,V1,Vr, 0)X, Y ) Z
+(Vg, e Vi P) (DX, (V1 Vi, Vi, Vi, )@Y ) Z
+..

+

+a"P (Vg oo Vr,$)X,Y)Z
S (AN S N— Ve, ®)pY)Z
= a"Ap(Ty, Tos oo oo o T)P(PX, Y Z.

(2.1b)

Remark: Similarly we can define Ricci ¢ (12)-multirecurrent,
¢ (13) and ¢ (23)-multirecurrent in Hsu-structure manifold.

Note: The total no. of terms in the left hand side of equation
(2.1a) & (2.1b) is

"Co+"C 2 4+"Cp2% s +1c, 2f

Where in "C, , n is the total no. of V operators operated on
the tensor P or Ricci and structure ¢ and
r=012..... n-1n isthe numbers of V ’s associated with

the structure ¢ only.

Definition (2.2) : A ¢ (12), ¢ (13), ¢ (23), multirecurrent Hsu-
structure manifold is said to be P-symmetric or Ricci-
symmetric if

Ap(Ty, Ty e oo, T) = 0. 2.2)

Theorem (1.1): In a ¢ (12)-multirecurrent Hsu-structure
manifold, if any two of the following conditions hold for the
same recurrence parameter, then third also holds:

a) it is conformal ¢ (12)-multirecurrent,
b) it is conharmonic ¢ (12)-multirecurrent,
¢) it is concircular ¢ (12)-multirecurrent.

Proof: from equations (1.8), (1.9), (1.10) and applying ¢ on X
and Y in the resulting equation, we have

C(HX GVIZ = LK, GNIZ + —— (K($X, &)Z ~ VX, )7}

(2.3)

Multiplying the resulting equation obtained by the
equations (1.8), (1.9), (1.10) by
a"A (T, Ty, v, Ty) , We get
a"Ap(Ty, Ty, v oo, T)C(X, 9Y)Z

=a"Ap(T, Ty, v oo, T)L(X, 9pY)Z
 EAnllleelid e (3, oY)Z — VX, ¢VIZ). (24)
Differentiating equation (2.3) with respectto T;, T,, ... ...., T,

successively ,we get

a"(Vp, Vr, e o Vg, Vi O) (X, OY)Z

+ (Ve o e V1,91,C) (Y2, )X, Y ) Z
+a" (Vg wee oo Vi, C)(X, (Vi ) Y)Z
+

+ (V1 e V2,€) ((Vr, 0) DX, Y ) Z
+a" (Y, ooV, O) (X, (Vr, ) Y)Z
+(Vryy o e e V1, ©) ((Vr, 0) X, (Vi 6)Y) Z

+ (Vi y o oe e V1, €) (T2, ) DX, (Vr,$)Y ) Z

oo V2, C) ((V2,0) X, (Vr, )Y ) Z

oo V2, C) ((V2,0) X, (Vr, 9)Y) Z

IJSER © 2015
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 6, Issue 2, February-2015 444
ISSN 2229-5518

+(Vryy oo o U, €) (92, Vi, 0) 9K, Y ) Z +a" (Voo V2, C) (X (Vi V1, Vi, Y, ) Y)Z
o (Tn oo T YK (Va Vo G)V)Z e
e + (T, e ¥, €) ((V, 7,V T, )OX, V) 2
+(Vry e -V, €) ((V2, V2, 0) DX, Y ) Z +a" (Vv Vi C) (X, (Vr, Vi, Vi, Vr, 6)Y)Z
(T e T C) (%, (Vo YY) e e e et oot et e e e e oo e e e e et e

.

+ (Vi y o ve e V1, ©) (V) X, (Vi Vi, )Y ) Z

+(Va,_y o e Vg, C) ((an_lan_zq))q)x, (Van))Y) Z

et
+(Vn ................ V4C)((VT1)¢X,(VT3VTZ¢){)Z e
+(71,0) (1, 0)$X, (Vi oo Vi, $)Y) Z
TV WO v P, B () ()%, (9, - V9)Y)
+(V1,0) ((Vr, oo Vi, @)X, (Vi $)Y ) Z
TR AT R P () (T, )0, (T )7)
+C (Y1, Vi _y o V0, §) X, 4V ) Z
N ViC)X, (V1 vy Ve oV
+a"C(X, (Vg Vi, o Vi, §)Y)Z
et
=a" (Vp, Vi oo Vi, Vi L)(X, 9Y)Z
+(Vry e e V1,0 ((Vr, Vi, Vi, 0) DX, Y ) Z
+(Vryy ooV, V0, L) (Vi )X, Y ) Z
+a" (Y, oo eee. Vg, C) (X, (V7 Vg, Vo, 9) Y)Z
+a" (Vp,_, oo oo Vg L) (X, (Ve )Y )Z
+ (Vg e oe e V1, ©) ((V, Vi, 0) 9K, (Vi Vi)Y Z
BN
+(Vg,_y oo V2, C) (VYoo a D) OX, (Y, V)Y Z
(Pr,.. 1,€)(ProsTaa @)X, (P, P, )Y) + (g -V, L) (V)X 9V ) Z
e
+a" (Vg oo Vp, L)(X, (Vi §)Y)Z
+(Vr, oo eee oo V2 ©) ( (Vr, Vi, 0) DX, (Vr, Ve, $) Y ) Z
( ) +(Vp,_, oo VL) ((VTn¢)¢X, (VTn_l¢)Y)Z
+(Vr, oo e o V2 ) ( (Vr, Vi, 0) DX, (Vr, Ve, $)Y ) Z
( ) +(Vryy oo e P, L) (7, 0) DX, (Vi )Y ) Z
+(Va,_, e o Vg, C) ((Van))q)x, (Ve Vo Vo ¢)Y) Z ,
+(Va,_, e o Vg, C) ((an_lan_szn_sq))q)x, (Van))Y) Z
+(Vry oo Vi, L) (7, )X, (7, )Y ) Z
+.
+(Vr, oo Vi L) (7, 0) 90X, (Vr, §)Y ) Z
+(Vry e e V1,0 (Y, 0) X, (Vi Y, Vi, §)Y) Z (7 wb) ((7:0)8% (7))
+(Vr_y oo Vi, L) (7, U, $) X, $Y) Z
+(V1y o ooV, €) (Y, V2, Vi, ) X, (Vir, §)Y) Z (7 W) (7 r29) )
+a"(Vp,_, oo Vi, L) (X, (Vg Vi @)Y)Z
(Ve v oe e V1, ©) (Vi Vi, Vi, D) DX, Y ) Z
B
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+(Vry oo Vi, L) (7, Vi, ) X, 07 ) Z

+a" (Vg oo oen Vi, L) (X, (Vi Vi, §)Y)Z

+(Vp, oo VL) ((VTn¢)¢X, (VTn_IVTn_2¢)Y)Z
+(Vp, oo VL) ((VTn_IVTn_2¢)¢X, (VTn¢)Y)Z
B

+(Vry o ooV, L) (7, )X, (V1 Vi, @)Y ) Z

(Ve VL) (7, V)9, (W, 0)Y ) Z

+(Vryy e e oe P, L) (1, Vi, Vi, ) 0X, 0V ) Z

+a" (Vg eee oo Vg, L) (X, (Vi Vi, Vi, )Y )Z

sttt sttt bt st p s sr s s s s sRss s sasrsnas s

+(Vry e Vi, L) (7, Vi, Vr, ) X, Y ) Z

+a” (Vp, woe oo Uy, L)(X, (Vi Vr, Vi, 9)Y ) Z

+(Vp, oo VL) ((VTnVTn_1¢)¢X, (VTn_ZVn_3¢)Y)Z
+(Vp, oo VL) ((VTn_ZVTn_3¢)¢X, (VTnVTn_1¢)Y)Z
B N 157 S (000

+(Vry oo Vi, L) (7, Vi, ) X, (Vi Vr, )Y ) Z

+(Vry oo Vi, L) (7, Vi, 8) X, (Vi Pr, )Y ) Z
+(Vp, oo VL) ((VTn¢)¢X, (VTn_lan_ZVTn_3¢)Y)Z
+(Vp, oo VL) ((VTn_lan_ZVTn_3¢)¢X, (VTn¢)Y)Z
N

+(Vry e e Vi, L) (71, @) 0K, (7, Vi, Vr, )Y ) Z

(Ve oo e VL) ((VT4 Vr, Vr, ) PX, (VTAJ)Y)Z

+ (Vs o ooV L) (V2 Vo, Vi, Vo 0) DX, Y ) Z
+a"(Vp,_, oo oo Y, L)X, (Vg Ve, Vi Ve @)Y)Z
B N

+(Vry oo Vi, L) (7, Vi, Vi, Vi, ) 0, Y ) Z

+a" (Vr,, oo oo e Vi L) (X, (Vi Vi, Vi, Vi, §)Y ) Z

+(7r,L) ((7r, )X, (Vr, .. Vry $)Y ) Z
+(Vr,L) ((7r, e Ve, )X, (Vr, )Y ) 2

+L ((Vr, Vs, o Vi, )X, 4V ) Z

+a L(X, (Vg Vp,_y oo Vr,@)Y)Z

n
+t— {a" (Ve Ve, oo Vi,V K) (X, 9Y)Z
+(Vryy oo e U,V K) (71, 0) X, Y ) Z
+a" (Vg oo Vi, K) (X, (Vi 9)Y)Z
T o1 I .....coue

+(Vry oo V1, K) (7, ) 0, 67 ) Z
+a’ (Vr, oo Vi, K) (X, (Vr, 0)Y)Z
+(Vryy oo e P K) (P, 0) X, (Vr,_, )Y ) Z

+(Vryy e oo P K) (P, 0) X, (Vr, )Y ) Z

+(Vry e Vi, K) (7, 0) X, (71, )Y ) Z

+(Vry e Vi, K) (7, )X, (71, @)Y ) Z

+(Vryy oo oe P K) (Vi 0) X, Y ) Z
+a"(Vp,_, oo oo Ve K)(X, (Vi Vi $)Y)Z

Frtrtrstssrsts bt sr st bt bbb sr s sn s ssrsraes

+(Vry oo Vi, K) (7, Vr, 0) X, Y ) Z

+a" (Vp, oo Vi, K) (X, (V, Vi, 9)Y)Z

+(Vryy oo U, K) (71, 0) 0, (Vi Vi, #)Y ) Z
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+(Vr,_, -

e V) (T Vo, 0) 0, (V1,8)Y ) Z

7 K) (72, $)K, (V, 7, )Y ) Z
. |7T4K) ((VT3 VTZ ¢)¢X' (VTI ¢)Y) Z
e Vr,K) (71,71, Vi @) 0K, Y ) Z

e Ve KX, (V3 Vi Ve, $)Y)Z

T, K) (7,70, Vr, 0) X, Y ) Z
oo Vi, K) (X, (Vi Vi, Vi, ¢)Y ) Z
eV K) (72, P, )X, (P, Vams®)Y ) Z

eV K) (P, P ®)0K, (72, Vi, $)Y ) Z

T K) (72,70, )X, (7, Vr, $)Y ) 2
T K) (72,72, 0) X, (7, Vr, $)Y ) 2
oV K) ((VTn¢)¢X, (VTn_IVTn_ZVTn_3¢)Y) A

e Vr,K) (P, Vi @)K, (71, 8)Y ) Z

-V K) ((VT1¢)¢X, (V2 Vs, |7T2¢)Y) A
T K) (72,72, Vr,0) X, (Vr, 0)Y ) 2
eV K) (V2 Vr Vi W 0) DX, Y ) Z

ooV K) (X, (Vi VeV Ve @)Y)Z

T K) (72,72, V1, Vr, ) $X, Y ) Z

PPN VsK)(X; (VT4 VTg VTz VT1¢)Y)Z

+ (75, K) (P, €)X, (Vi v Vr,4)Y)Z

+ (75, K) (e oo Vr,0)$X, (Vr,_,$)Y)Z

+(7p,K) ((VT2¢)¢X, (Voo |7T3¢)Y) A
+(7p,K) ((VTn ...... Vr,d)9X, (VT2¢)Y) A
+K ((Vr,Vr,, ooV, @)X, 6V ) Z

+a"K(X, (Vp,Vr,y oo o Vr,@)Y)Z

—a" (Ve Vi, oo o Vi Vi V) (X, V) Z

~(Vryy oo Vi,V V) (7, 0) X, Y ) Z
—a"(Vp,_, oo P, V)(X, (Vi $)Y)Z

= (Vg e V1,V) (Vi )0, 07 ) Z

—a" (Vg coe e Ve, V(X (Vi 90)Y ) Z

~(Vryy e P, V) (71, 0) X, (7, 0)Y ) Z
~(Vryy oo e P V) (71, )X, (71, 0)Y ) 2
~(Vry oo Vi, V) (7, )X, (Vr, 0)Y ) Z

~(Vry oo V1, V) (7, 0) X, (Vr, )Y ) Z

~(Vryy oo e V) (71, Vi, )X, Y ) Z
—a"(Vp,_, oo U V) (X, (Vg Vi @)Y)Z

~(Vry oo O, V) (71,7, 0) 90X, Y ) Z

—a"(Vp, eooee o Vi, V) (X, (Vi Vr, @)Y ) Z

~(Vryy oo e P V) (7, 0) 0%, (7, Vi, 0)Y ) Z
~(Vryy oo e P V) (71, Vi, )X, (7, 0)Y ) 2
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—(Vr e

ol £

—a"(Vp,_, o

—(Vr e

—a" (Vg oo o
—(Vr_, oo o

—(Vr_, oo o

—(Vr e
—(Vr e
o (£

o (£

—(Vr e
—(Vr e

o (£

—a"(Vp,_, o

70, V) ((7r,0)$X, (V1,71 )Y ) Z

72,V (72,71, 0)9X, (V2 0)Y ) 2
V) (72, Vr,, 0) X, Y ) Z

o Ve VY(X, (V2 Vi, Vi, 0)Y)Z

71,V ((Vr,7r, V1, $) 60X, §Y ) Z

oV, V)(X, (Ve Vi, Vi, §)Y)Z
T V) ((VTn V. ®)X, (Vs VTH¢)Y) A

w0 0) (Pr,, Vi, )X, (72,71, )Y ) Z

VTs V) ((VTz VT1¢)¢X' (VT4 VTS ¢)Y) Z
VTs V) ((VT4 VTS ¢)¢X' (VTz VT1¢)Y) Z
- T5V) (7, 0) 0K, (71, Vr, Vs, $)Y ) Z

O V) (P, Vr, #) 0, (Vr, 0)Y ) 2

VTs V) ((VTI ¢)¢X' (VT4 VTS VTz ¢)Y) Z
VTs V) ((VT4 VTS VTz ¢) ¢X, (VTI ¢)Y) Z
V) (V2,0 Vi, Vo 0) DX, Y ) Z

Cees VTl V) (X, (VTn VTn_l VTn_z VTn—s ¢)Y)Z

TV (2, V1,7, Vi, 0) X, Y ) Z

e Vr V) (X, (Vr, Vr, Ve, Ve, )Y )Z

~(70,V) (7, 8) 0%, (s, -V, )Y ) Z
~(7r, V) ((Vr, o Vi, )X, (71, )Y ) Z
~V (1, Py e V)X, Y ) Z

—a"V(X,(Vy, Vo Vi, §)Y)Z). (2.5)

Subtracting equation (2.4) from equation (2.5) and then
using the fact that ¢ (12)-multirecurrent Hsu-structure is
conformal ¢ (12)-multirecurrent and conharmonic ¢ (12)-
multirecurrent for the same recurrence parameter in the
resulting equation, we get

+a" (Ve Vi oo o Vi Vi V) (X, V) Z

+(Vryy oo e Vi,V V) (7, 0) 0, Y ) Z
+a" (Voo oo Vg, Ve V) (X, (Ve )Y )Z

+ (Vg oo V1, V) (T2, 0) X, 6Y ) Z

+a" (Y, oo Vi, V)(X, (Y7, @) Y)Z

+(Vr, .....VTZVTIV)((Van))q)X, (VTn_lq))Y)Z
+(Vr, .....VTZVTIV)((an_lq))q)X, (Van))Y)Z
+

+ (V1 e V2, V) (T2, 0) X, (Vr, )Y ) Z

+(Vry e V2, V) (T2,0) X, (Vr, §)Y) Z

+ (Vi y o ve e V2, V) (92, Vo, )X, Y ) Z
+a" (Vv Vo, V) (X (Vi Vi, $)Y)Z
+

+(V1y e V2, V) (Vr, Vi, ) DX, Y ) Z

+a" (Y, oo Vi, V)(X, (Y, Vr, 0)Y)Z

+(Vo,_y o oo eV, Vg, V) ((Van))q)x, (Vr,_ Ve, ¢)Y) Z
+(Vo,_y o oo eV, Vg, V) ((VTn_lan_zq))q)x, (Van))Y) Z
+
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+(Vry e e V2,V) (V2 V, Vr, 0) X, GY ) Z

+a" (Ve oo eee ooV, V) (X, (Vi Vi, Ve, §)Y)Z

+(Va_ oo oo Vi, Vg, V) ((VTann_lq))q)x, (Ve ,Vr. . ¢)Y) Z
+(Vrpy o oe e V2,91, V) (Vi Vi 0)0X, (Y, Y, )Y ) Z
e

+ (Ve e V2, V) (92, Vi, ) DX, (Y, Vi, )Y ) Z

+(V, e YY) ((vn Vi, &)X, (VTZVqu))Y) Z

+(Va_ o oo Vi, Vg, V) ((Van))q)x, (VTn_San_ZVTn_lq))Y) Z
+ (Vg o oe o V2, 91,V) (Vi Vi, Y, )X, (Y2, 4)Y) Z
e e e e

+ (Ve e V2, V) (T2, 0) X, (Vr, Y, Vi, )Y ) Z

+ (Ve e V2, V) (92, Vi, Y, 0) X, (Vir, )Y ) Z

+ (Vo oe e V1,91, V) (Vg Vi, Vi, Y, )X, Y ) Z
+a" (Vo v o V0,V V) (X, (Y, Vo, Vi, Ve, ®)Y)Z
Fo . R N

+(V1y e V2,V) (92, Vi, Vr, Vi, )X, Y )

+a" (Vg v oo Vo V)(X, (Y, Vi, Vi, Vi, $) Y) Z

b

+

+(Vr, V) ((VTn_lq))q)x, (Vg oo szleq))Y) Z

+(Vr, V) ((VTH eV, U B) DX, (an_lq))Y) Z

+(V2,V) (Y2, 0) X, (Vi e Vi, )Y ) Z
+(V2,V) (T ooV, 0) X, (Vr, )Y ) Z

+V ((Vry e e Vi, V1, 0) X, Y ) Z

+a"V(X, (Vg wor eoe e V, Vi, ) Y)Z

= a"Ay(Ty, Ty e oo L TOV(X, dY)Z.

which shows that the manifold is concircular ¢ (12)-
multirecurrent.

Similarly, it can be shown that if a ¢ (12)-multirecurrent
Hsu-structure manifold is conformal ¢ (12)-multirecurrent
and concircular ¢ (12)-multirecurrent or conharmonic ¢
(12)-multirecurrent and concircular ¢ (12)-multirecurrent
then it is either conharmonic ¢ (12)-multirecurrent or
conformal-¢ (12)-multirecurrent for the same recurrence
parameter.

Theorem (1.2): In a ¢ (12)-multirecurrent symmetric Hsu-
structure manifold, if any two of the following conditions
hold for the same recurrence parameter, then third also
holds:

a) it is conformal ¢ (12)-multirecurrent symmetric,
b) it is conharmonic ¢ (12)-multirecurrent symmetric,
¢) it is concircular ¢ (12)-multirecurrentsymmetric.

Proof: Let a ¢ (12)-multirecurrent symmetric Hsu-structure
manifold is conharmonic ¢ (12)-multirecurrent symmetric
and concircular ¢ (12)-multirecurrent symmetric then from
equation (2.5), we have

a"(Vr, v oo e Vi, Vo, C) (X, Y) Z

+ (Ve o oe o V1,91,C) (Y2, )X, Y ) Z

+a" (Vv Vg, Vg, O) (X, (V) Y)Z
e

+ (V1 e V2,€) ((Vr, 0) DX, Y ) Z

+a" (Y, oo Vi, ©) (X, (Vr, ) Y)Z

+ (Ve y e ve e V1, 92,€) (Y, 0)0X, (Vi )Y ) Z
+ (Ve e ve e V1, 92,€) (Y, 0) 0K, (V, )Y ) Z
et

+ (V1 e V1,0 ((V, 0) X, (Y, §)Y ) Z

+ (V1 e e V1,0 ( (Y, )X, (V, )Y ) Z
+(Vryy o ve e V1, 92,€) (Y, Y, ) DX, Y ) Z
+a" (Y, oo oo Vo, Vi, C) (X, (Vi Vir,_, $)Y)Z
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V1,C) ((Vr,Vr, 0) X, Y ) Z
e V2, C)(X, (Vr,Vr, d)Y)Z
V1, C) ((Van))q)x, (VTn_lan_zq))Y) Z

e 72,0) (i, T, O)OK, (2, 0)Y) Z

92,C) ((V2,0) X, (Vr, Ve, §)Y) Z
-V, C) ((VT3 Ve, ¢)¢X' (VTI ¢)Y) Z
1,0 (2, Vs, Vs, )X, 4Y) 2

oo V1, ©)(X, (V, Vi, Vi, ,0)Y)Z

.92,C) ((Vr,V, Ve, 0)0X, Y ) Z
e V7, C)(X, (Vi Vg, Vi, ) Y)Z
V1, C) ((VTann_lq))q)x, (Vr, Ve, ¢)Y) Z

e 95,0) (Y, , VD)X, (Y, Vr, )Y ) Z

- 72,0) (7,75, 6), (V2 ¥, §)Y) 7
72,0 (T2, 9, )X, (V,Vr, §)V) 2
s VTl C) ((Van))q)Xf (VTn_gan—szn—lq))Y) Z

V1,0, (Y, Vi, Vi, 0) X, (Y, 0)Y)Z

-.V7,C) ((Vqu))q)X, (Ve ViV, ¢)Y) Z
V1,C) ((V2, Vi, Vr,0) X, (Vr, 0)Y)
e 2,€) (Vi Vi, Vi, V1, ) DX, Y ) Z

f e e VTIC)(X' (VTn_gan—szn—lan ¢)Y)Z
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+(V1y e e V2, C) ((Vr, V2, Vi, U, 0) X, Y ) Z
+a" (Y, v o Vi ©) (X, (Vir, Vi, Vi, Vi, §) Y) Z
+on
+

+(71,0) (Y, O)OX, (Vs ..

+(V2,0) (Vg -

eV, §)Y) Z

e V1, )X, (Y, $)Y) Z

+(V2,€) ((Vr, @) DX, (Vo o - Vi, )Y ) Z

+(V2,€) (Vr v Y, )X, (Y, §)Y ) Z

+C (Vg o oo Vi, ) DX, Y ) Z

+a"C(X, (Vg wwe oo onn . Vg $)Y)Z = 0.

Which shows that the manifold is conformal ¢ (12)-
multirecurrent symmetric.

Similarly, it can be shown that if a manifold is either

conharmonic ¢ (12)-multirecurrent symmetric and

conformal ¢ (12)-multirecurrent symmetric or concircular ¢

(12)-multirecurrent symmetric and conformal ¢ (12)-

multirecurrent symmetric then it is either concircular ¢ (12)-

multirecurrent symmetric or conharmonic ¢ (12)-

multirecurrent symmetric for the same recurrence

parameter.

Note: Theorems of the type (1.1) and (1.2) can also be proved
by taking Ricci ¢ (12) , ¢ (13) or ¢ (23)-multirecurrent and
Ricci ¢ (12), ¢ (13) or ¢ (23)-multirecurrent symmetric Hsu-
structure manifold.
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